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Linear Algebra

» Matrix: a rectangular array (collection) of numbers.

» An m x n (read: m-by-n) matrix has m rows and n columns:

aii ai2 o a1n

A ( ) a1 a2 e a2n
e ij)mxn

Gml Om2 " OGmn

where (@i;)mxn denotes the element a in row i and column j.
If:

m =1 and n > 1. row vector;

m > 1 and n = 1. column vector;

m = n: square matrix;

vVvyyvyy

m = n = 1: scalar.
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Sylvester
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Matrix Operations: equality of matrices

> Let Ay = (aij)mxnv Bpxq = (bij)pxq: Q1x1-
» A and B are equal iff:

o same order (same dimensions): m =p and n = g;
o identical elements in corresponding locations: a;; = b;; for all 4, 5.

Ba)=(0) (o) %)

» Examples:



Matrix Operations: addition and subtraction

» Matrices can be added or subtracted only if they have the same order
(conformability condition for addition).

» Addition — sum each pair of corresponding elements: A + B = (a;; + b;;).

42\ (1 2) [(4+1 2+2\ (5 4
5 0/ T 2 =3/ 512 0xr(=3)) = \7 —3)°

» Subtraction is similar: A — B = (a;; — byj).
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Matrix Operations: scalar multiplication

» Multiplication by a scalar ac: multiply each element by o, oA, xn = (« @ij)mxn-

— One can invert scalar multiplication by extracting a common factor.

(-(20). (2 )2

» Examples:

D=



Matrix Operations: multiplication

» A and B can be multiplied only if the column dimension of A equals the row
dimension of B (conformability for multiplication):

o with A, xpn and Byyg, AB is defined iff n = p;
o the product C = AB has as many rows as A and as many columns as B:
ApsnBpxg = Cruxg.
» c¢;; is built from the ith row of A and the jth column of B: pair the elements,
multiply each pair, and sum the products:

n
Cij = Y @irbrj = airbj + aigbj + -+ + Qinbn-

r=1

» Note: there is no matrix division.



Matrix Operations: multiplication (continued)
Example 1: A2><3 B3><2 = CQXQ
(1 0 3) ;
2 1
g 6
Example 2: A3><2 B2><1 = C3><1

1 3 9 1-2+3-1
-2 8 <1>: -2-24+8-1|=| 14

0 12 0-2+12-1 12

N Ot W

_(1-1+0-24+3-6 1-34+0-5+3-2\ (19 9
C\2-1+1-2+5-6 2-3+1-5+5-2 34 21

ot



Matrix Operations: properties

» Matrix addition

o commutative: A+B =B+ A;
o associative: (A+B)+C=A+ (B+C).
» Matrix multiplication
o not commutative: AB # BA (with exceptions);
o associative: (AB)C = A(BC);
o distributive (pre-multiplication): A(B + C) = AB + AC;
o distributive (post-multiplication): (B + C)A = BA + CA.
» Idiosyncrasies of matrix algebra
o there is no matrix division;
o AB = 0 does not imply A =0 or B =0 (can occur when A, B are singular);
o AB = AC with A # 0 does not imply B = C (can occur when the matrices are
singular, see below).



Matrix Operations: powers

» For a square matrix A, xn:

A?=AA, A3=AAA, ..., AVN=AA...A.
———

N times
2
> Bamoe (Y 2) 2\ (r 2\ _ (o 8
Pe 4 3] T \a 3)\a 3) 7 \16 17)°

2
» Idempotent matrix (A2 = A): (_22 _11> = <_22 _11> :

» Diagonal matrix — powers act element-wise: if D = diag(dy,...,d,) then

2
‘ . . 1 0 1 0
D™ = diag(dy’, . ... d'); e.g. (0 2) :<0 4>'



Matrix Operations: the identity matrix

» Identity matrix: a square matrix with ones on its main diagonal and zeros

elsewhere:
10 0
1o 1 0 0 0 1 0
12: 0 1 y I3: 01 0 s In: .
0 01 : :
00 --- 1

» Same role as 1 in scalar algebra:
o Apxnln =InAmxn = Apxn;
o you can insert or delete an identity without changing a product:
AanIananp = Aananp;
o I¥ =1, (idempotent).
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Matrix Operations: the null matrix

» Null (zero) matrix: a matrix with zeros everywhere; same role as 0 in scalar

algebra:
0 0 0 00
022 = (0 0) ) O2x3 = (0 0 0) .
» Properties:

o Apixn + 0mxn = Omxn + Apxn = Apxn;
o Apmxn Onxp = 0m,><p and 0q><m Anxn = qun-
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Matrix Operations: transpose

» Interchanging the rows and columns of a matrix A vyields its transpose, denoted

A’ or AT:
3 0
A=(38% 72 o Aa-|s 1
2x3 01 9 3x2 _9 9

(reflection of the elements along the main diagonal).

» Properties:
o (A’)" = A (transpose is an involution);
A + B) = A’ + B’ (transpose respects addition);

o (
o (AB)' = B’A’ (transpose of a product is the product of transposes in reverse order);
° (a

A) = aA’ (transpose of a scalar is the same scalar).

» If Al ., = A,xn, the matrix is symmetric:
1 2 -1
D=|2 -4 3 |=D.
-1 3 9
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Matrix Operations: determinant

» The determinant of a square matrix A, denoted |A| or det A, is a scalar derived
from A.

» 2 X 2 matrix:

aip a2
Agyo = ; |A| = aj1a22 — ar2a21.
asy  a

— the difference between the product of the diagonal elements and the product of
the off-diagonal elements (a determinant of order 2).

A:<3 1), A|=3-1-2-1=1.

» Example:

21
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Matrix Operations: inverse

» The inverse of a square matrix A, denoted A~!, is defined by
AAT=ATA=1
— as in scalar algebra, where acl=1ifa #0).
» A matrix A is invertible iff:
o it is square (n X n) — necessary condition;
o it is nonsingular, i.e. |A| # 0 — sufficient condition.
> Properties of inverses:
o (A=H)7t (mvolutlon)
° ( = ( e
o (aA) t = — oA ! for a # 0.
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Case of a 2 x 2 matrix

2 x 2 matrix A:
a a
A= M1 012
az) a2

Determinant:
|A| = aj1a22 — a12a2;.

Inverse matrix:
I [ ax —a2

A= ——
|A| \—a21 an

15



Extra slides — Computation of inverse matrix

16



Computing the inverse matrix: the adjugate (cofactor) method

» The definition of the inverse matrix involves 2 main objects:

o the determinant |A|
o the adjucate adj(A)

1 |det — | 2 |cofactors — | 3 |transpose — | 4 |+det
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Determinant — Laplace (cofactor) expansion

Each row-1 entry (pivot) x its 2 x 2 minor (delete that entry's row & column), with
alternating signs + — +.
|A| =a(ei— fh)

a b c —
d e f +
g h i e minor M;;: delete row z column j.
e cofactor Cy; = (—1)"" M;;.
entry a, minor } o | o |A|l = Z ai;C;; (expand along any row ).

J
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Determinant — Laplace (cofactor) expansion

Each row-1 entry (pivot) x its 2 x 2 minor (delete that entry's row & column), with
alternating signs + — +.

Al =
a b c — b (di— fg)
d e f T
g h i e minor Mj;: delete row ¢, column j.
e cofactor Cy; = (—1)" My;.
entry b, minor | Z 7 o |A|l = Z ai;C;; (expand along any row ).

J
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Determinant — Laplace (cofactor) expansion

Each row-1 entry (pivot) x its 2 x 2 minor (delete that entry's row & column), with
alternating signs + — +.

Al =
a b c -
d e + c(dh — eg)
g h i e minor Mj;: delete row ¢, column j.
e cofactor Cy; = (—1)" My;.
de

entry ¢, minor !

o |[A| = Zaijcl'j (expand along any row 3).

J

g h
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The recipe — four steps

1. Compute the determinant |A|.

det — | 2 |cofactors —

3 |transpose — | 4 |+det

19



The recipe — four steps

1. Compute the determinant |A|.

2. Replace every entry by its cofactor C;; = (—1)""/M;; = cofactor matrix
CT.

1 |det — cofactors — | 3 |transpose — | 4 |+~det



The recipe — four steps

1. Compute the determinant |A|.

2. Replace every entry by its cofactor C;; = (—1)""/M;; = cofactor matrix
CT.

3. Transpose it: adj(A) = (CT)7.

1 |det — |2 |cofactors — transpose — [ 4 |+det
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The recipe — four steps

1. Compute the determinant |A|.

2. Replace every entry by its cofactor C;; = (—1)""/M;; = cofactor matrix
CT.

3. Transpose it: adj(A) = (CT)7.

1
4. Divide by the determinant: A~! = m adj(A).

1 |det — |2 |cofactors — | 3 |transpose — n+det
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Worked example — Step 1: the determinant

I
e
=~ W W
W = W

I |A| =1(9 - 16)
—3(3-4)
1 4 ,
3 +3(4-3)
1 4 3

det — | 2 |cofactors — | 3 |transpose — | 4 |+det

20



Worked example — Step 1: the determinant

I
e
=~ W W
W = W

1 3 3 [A]=1(9—10)

-3(3—-4)
! 3 4 +3(4—-3)
1 4 3

det — | 2 |cofactors — | 3 |transpose — | 4 |+det

20



Worked example — Step 1: the determinant

I
e
=~ W W
W = W

. 3 B Al =109 10)

—3(3-4)
¢ +3(4—3)
1 4 3

det — | 2 |cofactors — | 3 |transpose — | 4 |+det

20



Worked example — Step 1: the determinant

1 3 3
A=1|1 3 4
1 4 3
1 3 B |A|=1(9—16)
—-33—-4)
LY +3(4—3)
. ° — —7+3+3 = -1

det — | 2 |cofactors — | 3 |transpose — | 4 |+det

20



Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard

gives the sign.

. 3 3 011:+|2% =9-16=-7

1 3 4 7
Cct =

sign pattern

++
I+
+ 1+

1 |det — acofactors — | 3 |transpose — | 4 |+-det
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Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard

gives the sign.
1 . 3 012:_H431|:_(3_4):1

Ct=

sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard

gives the sign.

1 3 . Cis=+[{1=4-3=1

1 3 4 -7 1 1

+ _
1 4 3 Ccr=

sign pattern

++
I+
+ 1+

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard
gives the sign.

1 3 3 021:_|ig|:_(9_12):3
s o1
+_
1 4 3 C 3

sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard
gives the sign.

022:+H§ =3-3=0

1 3 3

1.4 -7 1 1
+

11 ct=|3 0

sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard
gives the sign.

1 3 3 Cos=—|13l=-(4-3)=-1

15l 11
+ —

1 4 3 C =| 3 0 1

sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;
Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard
gives the sign.

1 3 3 031:4—‘32212—9:3

4 -7 1 1

1 3
b ct=[3 0o -1
3
sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;

Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard
gives the sign.

Cap=—]1il=-(4-3)=-1

sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Step 2: cofactors Cy; = (—1)" M;;
Delete row i (grey) and column j; the surviving 2 x 2 block is the minor; the checkerboard
gives the sign.

1 3 3 C33=+H§ =3-3=0

1 3 4 -7 1 1
14 . cCt=| 3 0o -1
3 -1 0
sign pattern
+ - +
— + —
+ - +

1 |det — acofactors — | 3 |transpose — | 4 |+-det

21



Worked example — Steps 3—4: transpose, then divide

Reflect across the main diagonal (amber fixed; each off-diagonal pair swaps), then divide by
|A] = —1.

0 -1 )7 adj(A) =

1 |det — | 2 |cofactors — transpose — | 4 |+det
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Worked example — Steps 3—4: transpose, then divide

Reflect across the main diagonal (amber fixed; each off-diagonal pair swaps), then divide by
|A] = —1.

-7 1 1 -7 3 3
+ . )T 3 — _
ct=[3 0 1 () adj(A)=1 1 0 1
3 -1 0 1 -1 0

L (-7 3 3 7 -3 -3
Al = — 0 -1]l=11-1 0 1
- 1 -1 0 -1 1 0

1 |det — | 2 |cofactors — | 3 |transpose — n+det
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Check: AA7t =1

Column k of A~! dotted against the rows of A returns the k-th column of the identity:
diagonal entries give 1, the rest give 0.

1 33\/7 -3 -3 1
1 3 4|[-1 0 1]=]o0 =1
143/ \-1 1 o0 0

row; - coly = 1(7) + 3(—1) + 3(—1) =1, row; - colo = 1(—3) +3(0) +3(1) =0

23



Check: AA7t =1

Column k of A~! dotted against the rows of A returns the k-th column of the identity:
diagonal entries give 1, the rest give 0.

1 3 3 7 -3 -3 10
1 3 4|l-1 0o 1]=]0 1 =1
14 3/ \-1 1 0 0 0

rows - coly = 1(—3) +3(0) +4(1) =1

23



Check: AA7t =1

Column k of A~! dotted against the rows of A returns the k-th column of the identity:
diagonal entries give 1, the rest give 0.

1 3 3 7 -3 -3 100
1 3 411-1 0 1]=]0 1 0=t
1 4 3/ \-1 1 O 0 0 1

All nine dot products check out: AA™' =1. v
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