Math Camp — Day 1 Exercises
Worked Solutions

Exercise 1 — Differentiation

a) f(x) = 182'/2. Power rule:

9

M) — 18 - Lp—1/2 — gp—1/2 — 7
fl(z) =18 3z 9z 7

b) f(t) = (2t* + 5)(3t° — 8). Product rule with u = 2t* + 5, v = 3t5 — 8 (u/ = 83, v/ = 15t%):

f(t) = 8t3(3t° — 8) + (2t* + 5)15¢t* = 248 — 64¢> + 305 + 75¢* = 54t® + 75t — 64t

1 8 7
c) f(z) = % Simplify first:
1028 627 7 06 ) 6 5
f(zx) 5 o0 bat =32 = f'(x)=3bx 8x

d) f(y) = (6> +9)%. Chain rule (inner derivative 18y?):

F'(y) = 4(6y> + 9)3 - 18y* = 72y%(6y> + 9)°.
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e) f(z) = TP T 183553 (723 + 132 + 3)~!.  Chain rule (inner derivative 2122 + 13):
2122 + 13
'(z) = —(T2® + 13z + 3)"2(212% + 13) = — :
fla) = =(Ta" 4130 +3) (21" +13) = — 79 =3
4\? 3u+ 4
f) f(u) = <2215) . Let g= 2215. Quotient rule:
, 3(2u+5)—(Bu+4)2 6ut15—-6u—8 7
N (2u + 5)2  (2u+5)?2 (2u+5)?
Then f' =2gg¢"
4 14 4
f’(u):2-3u+ ' 7 _ 14QBu+ )
2u+5 (2u+5)2 (2u+5)3
Exercise 2 — First/second derivatives; behaviour at x = 2

a) f(z) =723 + 5% + 12.
f'(z) =212 + 10z,  f"(x) = 422 + 10.

At x =2: f/(2) =84+ 20 =104 > 0 (increasing); f”(2) = 84+ 10 = 94 > 0 (convex).



b) f(z) = (z* = 3)(2® — 2) = 27 — 22* — 323 + 6.
f(x) = 7% — 823 — 922, f"(x) = 4225 — 242* — 18z,

Atz =2 f/(2) = 448 — 64 — 36 = 348 > 0 (increasing); f”(2) = 1344 — 96 — 36 = 1212 > 0
(convex).

T2

. Quotient rule:
rz—1

c) f(z) =

_ Ma(z—1)—T72* T2 — 14z Ta(z —2)
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Differentiating again and cancelling one factor (z — 1) gives

f//(LU) = (CC 7 1)3

At x =2: f'(2) = 0 (stationary); f”(2) = 14 > 0 (convex) — so a local minimum.

Exercise 3 — Second-order and cross partials
a) f(z1,79) = 23 — 9z 179 — 323,
f1 =322 — 9o, fa = =921 — 625.
fi1 = 61, faoa = —6, fio = fo1 = —9.
b) f(x1,22) = (Tz1 + 322)3.
f1 = 21(T21 + 312)%, fo = 9(7Tz1 + 3x2)2.

f11 = 294(7.1’1 + 3.1‘2), f22 = 54(7.7}1 + 3.2?2), f12 = f21 = 126(7.7}1 + 3.772).

(Cross partials agree, confirming Young’s theorem.)

Exercise 4 — Logarithmic functions

a) f(x) =In(223) = In2 + 3Inx.

1 2In8
'(x) =2(1 - = .
f/@) = 2(insa) - - = 21
23
c) f(x):lnm:?)lnx—ﬂn@x—i—@.
Py =3 g 2 34 20415
x 20 +5 x 2o2+5 x(2x+5)



Exercise 5 — Exponential functions
a) f(x) = e, f(z) = 2e%=.
b) f(z) = 22e5. Product rule:

f(z) = 22 4 2% - 5> = 2e°7(2 + bi).

br __ 1
c) f(z) = Zmﬁ. Quotient rule (v’ = v’ = 5¢5%):
F(x) = 5e77 (P +1) — (€7 — 1)5e™  5e™ [ (7 +1) — (e —1)]  10e™*
- (e5a: 4 1)2 - (6530 4 1)2 - (65:5 4 1)2'
Exercise 6 — Definite integrals

6
a) / Sz dx.
0

216 .
-

10
b)/ 2e~ % dz.
0

_ [_67290} C e 20 0 20

3
c) / 8z (222 + 3) dz.
0
3
= / (1623 + 24z) do = [4o* + 122°%)3 = 324 4 108 = 432.
0

Alternatively (substitution method):

Substitute u = 222 + 3, du/dr = 42 = du = 4w dx, so 8z dz = 2du;
limits x=0—u=3, =3 —u=21:

21 21
:/ 2udu = [ﬁ]g — 441 — 9 = 432.
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